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1. INTRODUCTION

In ZIMMERMAN (1978) aspects of residual circulation by tidal currents
are discussed. In the mathematical model integrals are encountered, which
are too complicated for straightforward computations. In this note we de-
scribe the methods for obtaining numerical values of the integrals. Besides,
some analytical expansions will be considered.

The vorticity of a two-dimensional velocity field 3(§,t) is defined by

-> > > . . . . .
n(x,t) = V x u(x,t) (in two-dimensional velocity fields n can be treated as

a scalar as it has only a component perpendicular to the plain of motion).
The vorticity n is subsequently written as a spatial Fourier integral. The

individual Fourier components are then described by

dn(k, t)

= - Liky sint + b In(k,t) = a(@sint,

(1.1)
where.f is the wave number of the Fourier component and a(E) and b(k) are
time-independent parameters, K = (kl’k2)’ k = (k?+k§)%. The term ik] sin t
is a time dependent damping term produced by the oscillatory tidal velocity
constant x sint. The driving term a sint is in the same manner time depen-
dent. The interaction of a driving term with a damping term of the same
frequency produces a residual effect.

The solution of (1.1) is easily obtained:

t

(1.2) n(t) = a o ikjcost+bt J sin T elleOST_deT.

Not this general solution is needed, but the time independent (residual)
part of the solution; i.e., the stationary non-periodic component of the

Fourier expansion of n(t). This is obtained (Zimmerman) by substituting

the well-known expansion from Bessel function theory

(1.3) elklcosT - 2 1B, 1mT x )
m=-—o m ]

(and a similar expansion for exp(-ik cos t)) and computing the time indepen-

1
dent term in the resulting double series. Denoting the result again by n,

depending on K, it reads as




® 2
> ia n 2
(1.4) nk) ==— ] ——g I k).
kl n=- n2+b n
>
The solution of (1.1) is now treated statistically, i.e., the parameter a(k)
3 + -
is a random function of ﬁ, which therefore randomizes n(k). The quantity of
>
primary interest is the mean square of n(k) often called the "enstrophy"

2. .
(the residual enstrophy here). It can be shown that <n”> is proportional to

-6 -1 [ -k2)-2
(1.5) g, (V) = & 6,1 | K ckye M %ak, A s o.
0

A related quantity is the mean square velocity, proportional to

-l - —x2)=2
(1.6) g, (M) = 4! [ 13 cye ™ Tak,
where 0
T 2. % 8% 2 2
(1.7) G(k) = F(k cos 0)do, F(k,) =k [ ) ——s J°(k,)1°.
1 1 2 .2 "n 1l
n=-» n +b

0
In (1.1) the parameter b(k) controls the dissipation of vorticity by
frictional effects. In fact, two different processes contribute to the dis-
sipation, viz. bottom friction and horizontal vorticity diffusion. In the

parameter b they appear as a sum

(1.8) bk = l+tk°.
The first term stands for the bottom friction, the second one for horizontal
diffusion. In the latter part the parameter T can be chosen freely. In this
note the cases T = 0 and T > 0 are investigated.

In the following sections we give information on the asymptotic be-
haviour of gl(x) and gz(l), (for A > 0 and X > «) and on the numerical

evaluation of these functions.
2. ANALYTICAL EXPANSIONS

First we evaluate the series in (1.4) and (1.7) in closed form. The

result is
v n2 2 b
2.1 -2 =] - T
(2.1) I 77 3, =1 - e T (0T (0.

n=-© n +b




For a proof of this relation we first mention the well-known property for
the Bessel functions

(o]

(2.2) N Ji(x) =1,

n=--o

which is a consequence of Parseval's formula for the Fourier series (1.3).

Hence, it remains to prove

L b

@3 L 55 00 = e i
n=-» n +b
Consider the integral
(2.4) 1[I I,
: 2mi v2+b2 sin vn’
C

where C encloses the poles v = 1,2,... of sin vr so that it cuts the real

v-axis in v = 0 perpendicularly. We suppose temporarily that b is a complex
number such that larg ib| < w/2, and we suppose that C does not enclose the
poles v = * ib . Deforming C into the axis Re v = 0, we pass the pole at
v = ib and the resulting integral vanishes since the integrand of (2.4) is
an odd function of v. By using the residues we arrive at (2.3). Using the
principle of analytic continuation, we infer that (2.3) is valid for all
b € € except for the points *i,*21i,...

As a consequence, the function F of (1.7) can be written as

mb

-2 2
(2.5) Fle) =X T = opp T R B

or in terms of hypergeometric functions

- . . 2,-2
(2.6)  Fk,) =k ‘[I- F (4;1+ib,1-ib;-k1)1%,
where the hypergeometric function 1F2 is defined as

oy - 7 I(otn) _T(AT(V) X
(2.7) 1FolasB,y3x) = nZO e T T ol

The expansion of F(kl) in powers of k] (considering temporarily b independent

of k,) is thus given as follows




2 - 2m- 2 - 2m+2
(2.8) Fe) = kL) a k71" = LIRS
m=0 =
with
_ (=D" r(m#3/2) _T(+ib) T(-ib) 4.
)% ey T(1/2) T(m+2+ib) T(m+2-ib)’> =~ =~ °°
SV -3/4
- ) - )
0 1+b2 ! (1+b2)(4+b2)2!
(2.9)
a =- (?+i{§) am—zl ,» m 2 13
m m (m+1) >+b
m
b_ = 2 a. a _.» 20
m oy J j

Furthermore we can expand the function G of (1.7) as well. The series in
(2.8) is substituted in the first equation of (1.7) (owing to the conver-

gence properties the integral may be integrated term by term) and the re-

sult is
. o) - ;z':o Cm k2m+2’
(2.10) Iy
¢ = bmf cos?™2y 44 = %EF—E'%}%_)/—%Q— b, m= 0,
0

The first few c  are

_m 2,-2
¢ = 716 (1*P)
__9m 2.-2,, 2.~
(2.11) ¢ =~ 38 (1+b7) “(4+b7)
_ 5n 2 2.-2,, 2.-2, 2 -]

REMARK. From the convergence properties of the series in (2.7), it follows
that the power series in (2.8) and (2.10) converge for all finite wvalues
of k1 and k, respectively. They give "good" representations of F and G for
small values of k1 and k. As indicated in (1.8), the parameter b depends
on k. The character of the series in (2.8) and (2.10) is completely differ-
ent for the cases T = 0 and T > 0. As mentioned above, for T = 0 they give
good representations for F and G for small k] and k. However, for large

values of these parameters and T = 0, the series are useless for describing
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the behaviour of F and G. For T > O, on the other hand, we have
(2.12) ey = 04D, ¢ = 061, ¢, = 067!, K+
and in general c_ = O(k_S_Am), k - «. Hence, gog T > 0, the terms c_ k2m+2
-6-2m

in the series (2.10) behave for k + = as O(k ). Therefore it is con-
cluded, that, if T > 0, the series in (2.10) gives a good representation

of G for both cases k +~ 0 and k + », In a first approximation we have

(2.13)  G(k) ~ ¢ k> =

0? k+0 720
o - |

0k™® k> 15 0

In the applications T is rather small. Therefore for numerical evalua-

tions (2.10) is not very useful for intermediate values of k.
2.1. Asymptotic expansion of gi(l) for A »- 0

In order to consider both g; we introduce the function

¢ 2.-2
(2.14)  H,0) = &4 f 2 Gaoe ™ ak, > o,
0
where G is the same as in (1.5), (1.6) and (1.7). From (1.5) and (1.6) it

follows that

2

(2.15) g () = A7 Hy (D), gy,(A) = H (W)

For obtaining the asymptotic behaviour of integrals of the type

r -
| e St g£(t)dt

for s » =, the asymptotic behaviour of f for t > 0 is substituted. (Watson's

lemma; see any book on asymptotic analysis, for instance BLEISTEIN & HANDELSMAN

(1975)). From (2.11) and (2.13) we know that

m 2

G(k) ~ g7k, k>0, T 2 0.

Hence for the behaviour of HG(A) for A > 0 we obtain




o]

2,-2 1 20
(2.16)  H () ~ '116' 4 [ (2003 KA Tdk = 55 T(ar2))

0
Using (2.15) we obtain for the functions g, and g,

2 1.2
(2.17) g ~.f% A, g, () ~ g AT, A >0, T 2 0.

The results in (2.16) and (2.17) are first approximations. For numer-
ical applications we compute some higher order terms. Thus the role of the
parameter T is better understood in the limit case A - 0. Substitution of
the complete series (2.10) for G in (2.14) yields (we recall that c de~-

pends on k, hence we write cm(k))

-1.-4 ¢
B (A) ~ 41 ) ) A,
m=0
with

=]

2.-~2
2a+2m+3 -
A - J c (0K o+2m+3 kN
0
Subsequently each cm(k) is expanded in powers of k and this expansion is
substituted in the above integral for Am' For the first few cm(k) the ex-

pansions are (see (2.11) and (1.8))

2 —_
eo®) = T 1+t = T -y + 4L,
SO (13 2
e (k) 128 \20 ~ 25 X *eer)
_ _5m _jl
ey (k) = 2048( T00 >‘

With the computed numbers in these expansions we obtain by substituting

these results and by collecting equal powers in A

(2.18)  H () ~ 2-A2ar(a+2)(h +h ) +h Vel ),
with
=
By = %% ‘s \
_ T
by = "(“+2)\2560 32)°
- ( 19 271 T \
By = m(e+2) (+3) {75565 * 3200 * 37/




By using (2.15) we obtain for g and g,

AZ

3
gl(A) ~ e [1- (9/10+8T)A2 + (19/32+1081/10+4012)A4+...],

()\) Y — AZI 1 - 27 l}()"‘h 2 + ; + T + 4'] 2 4+ I

These expansions are truncated after the term with A4. The error is then
6 . . . . . .
O(X7). From numerical experiments it follows indeed that with the given
coefficients in (2.19) a relative accuracy can be obtained smaller than

1073, if we take A% < 107,

2.2. Asymptotic expansion of gi(x) for A\ » =

It is necessary to distinguish between the two cases T = 0 and T > O.
The functions have, as will be shown, a quite different behaviour in these

cases.
2.2.1. The case t > 0

‘The asymptotic behaviour of the integral in (2.14) for A + » is ob-
tained by replacing the expomential function exp(—kzxgz) by its limiting
value 7, if the resulting integral sza+] G(k)dk converges. From (2.13)
it follows that G(k) = O(k-6), k -+ ». Hence, the resulting integral con-
verges if 2a+1-6 <=1, or a < 2. From (2.15) it thus follows that
o0
J 13 c)dk, A + e
0

For g this rule does not apply: we need some more information on G. For

(2.20) g, (1) ~ @ !

a = 2, the above mentioned resulting integral does not converge owing to
the behaviour of the integrand for k = . Substituting (2.13) in (1.5) we
obtain (by using (2.11))

[e]

2.-2 dk

-6 7 -k“A ,

g (1) ~ i [ ke [1+(]+Tk2)2]2
0

This integral can be expressed in terms of hypergeometric functions, but

A > o,

this is not an important aspect. We are interested in the asymptotic be-

haviour for A -+ «. By examining further the behaviour of the above integrand




it appears that we have
. 2.-2 2.-2
- -1 -k
[k':'c:(k)ekk dk=Jkle Mgk + 0(1), Ao
0

with ¢ any positive number (not depending om A). This is written as

o

2.-2 . o
J Kee © N dk = J L IO
(o4

0

-1
<=%J t dt + 0(1) = 1nx + 0(1), XA > =,
C

which gives

2.2.1) g () ~ 117 %, A s e

of course under the restriction t # O.

2.2,1. The case 1 = 0

In this case (2.13) is not appropriate for describing the behaviour
of G for k » », It is better to use a different representation of the func-
tion Ha(k). First we remark that (2.14) (with G given in (1.7)) is written
in polar coordinate form. Originally, in the physical problem (see Zimmerman's
paper), the integration is carried out with respect to the wave number pa-

rameters

kl = k cos 0, k2 = k sin 0.

Integrating with respect to (k],kz), we arrive at the representation

@© o©

2..2,..-2
(2.2.2) B () = P H (kf+k§>°‘e‘<k1+k2“

-—00 =20

F(kl)dkldk2

where F is given in (1.7) or in (2.5).
Now, if o is an integer number, the term (kf+k§)a

polynomial in k2’ and we integrate first with respect to k,. Then Ha(k)

2
can be written as



ﬂ—%l_3[A2(A) + gszo(x)],

[

H ()
(2.23)

H,()\) w—%l~3[A (N + A2A o\ + 1% M1
2 4 2 % B g

with -
¢ . 2,2
(2.26) A0 =] K3 e ™ Tak, 5= 0,1,2,.

-0
oo

) 2 ..
= 9 323¥1 J et 23 Far)ae.
0

For the asymptotic expansion. of Azj(k) (A > ») we need the asymptotic be-
haviour of F(t) for t > «, where F is given in (2.5) with b = 1 (for T=0).
Hence, we need the asymptotic expansion of the Bessel functions J+i(t) for
t > o,

From the literature (see, for instance, WATSON (1945)) we know
(2.25) Jv(x) = (Z/WX)%{P(v,X) cos X = Q(v,x) sin x},

where, for x =+ ©, P and Q can be represented by asymptotic power series

(2.26)  P(v,x) ~ J (-D"(v,2m) (2%) 2%, Q,x) ~ 1 (=1)%(v,2m+1) 22y ™),
m=0 m=0
with
-2m
1 2 2 2 .2 2 2
(2.27)  (v,m) = m§§2;::f;) = S (- (W30 LT - (2mm1) P

in (2.25) x is given by

(2.28) X =X — §fvr - §m,

With (2.25) we obtain

(2.29) J_i(x)Ji(x) ~ %& [PZ(COSh1T+ sin2x)+-Q2(cosh1r— sin 2x) + 2PQ cos 2x1,

where P and Q stand for P(i,x) and Q(i,x). Hence

f f f
1 1 2 2
(2.30) F(x) ~ = [1 ro st 3t .. 1,
X X X

where f. may contain circular functions. By formal manipulations we obtain

the first few coefficients:
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cosh m + sin 2x
f1 =2 sinhm ’
) - 2 coshzw + cosh 7 sin 2x+1 — cos ‘4x'+ 5 sinh 7 cos 2x
(2.31) f2 =
., 2
2 sinh T
_ 5 45 sin 2x _ 5 sin 4x
f3 =7 (1-2 cos 2x) coth ™ + T¢ sich 7 7 sinh T "

After these preparations we give the asymptotic expansion of Azj(k) (A > )
of (2.24). Applying the Mellin-transform technique (see BLEISTEIN &
HANDELSMAN (1975, ch.4)) we obtain

A2j+l }“ -z
= tely /2 .
(2.32) Azj(k) 7T J X T T(j+i-z/2) M[F;zldz,
i

with

o]

j 271 Feo)de.
0

1}

M[F;z]

By moving the contour of integration in (2.32) we obtain an expansion of
Azj(A) by calculating residues at the poles of T'(j+1/2-z/2) (at z = 2j+1+2k,
k = 0,1,2,...) and at the poles of M[F;z] (at z = 2,3,4,..., as follows
from the asymptotic behaviour of F given in (2.28)). Hence, for j = 0 the
first pole lies at z = |, while for j = 1,2 it lies at z = 2. This gives
the following results (for details the reader is referred to the literature)

Ay(A) ~ 2M[F;1],

A, (A) ~ AT,

A, () ~ %fﬁx{
and combining these results in (2.23) we obtain for A + =

hiE ! - 0072,

H ()
(2.33) .
H,(V) = T 2 %-M[F;l] + 0(1).

For g and g, we obtain with these formulas for A » » (and T = 0)

g, (V) = 2 % MiE; 107! 4 O(A‘z),
(2.34)

1

-1 - -
gz(l) ™ 2 M[F;10x © + O(x 2), for A + » (and T = 0).
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3. THE NUMERICAL COMPUTATION OF Ha(k)

The function Hm(k) defined in (2.14) will be computed by using a nu-
merical quadrature process, except for small values of XA. In the quadrature
process we need the function G(k), which does not depend on A. In this sec-
tion we pay attention to this problem. We try to compute G with a relative
accuracy of about 10—5. In the final computation of Ha(k) we try to obtain
a relative accuracy of 10—3.

For small values of k we use the expansion given in (2.10), for both
cases T = 0 and T > 0, It appears that the series is alternating and that
for large or intermediate values of k cancellation of digits may occur. A
satisfactory bound is k < 6.5. For k = 6.5 about 20 terms in the series are
needed. Numerical experiments learned that the cancellation is still under
control for this value,

For k 2 6.5 we use the representation of G given in (1.7). Now we need

for numerical quadrature the function F(kl)'
3.1 .Computation of F

For small values of its argument, F can be computed by using (2.8).
Again, we use as a bound k1 < 6.5. For larger values it is necessarily to

distinguish between the cases T = 0 and T > 0.

1]

3.1.1. Computation of F for T 0, k, 2 6.5

1

In this event we use (2.5) (with b = 1) and the asymptotic expansions
mentioned in (2.25), (2.26) and (2.29). By computing the first coefficients

in the series we obtain

P(i,x) = 1 - 0.507813 x 2 + 1.016286 x * - 5.623980 x ©
+ 62.161631 x O,

Qi,x) = = 0.625 x (1 = 0.981771 x 2 + 3.455373 x *

~ 27.798528 x O + 404.773839 x O).

With these approximation the desired accuracy in F can be realized,
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3.1.2. Computation of F for t > O, kl 2 6.5

In this event the asymptotic approximations used above lose their
usefulness, since the order of the Bessel functions heavily depends on k,
Direct computation of the Bessel functions in (2.5) is rather complicated
owing to this. Therefore we propose to use the series (1.7). This asks for
the computation of a sequence of Bessel functions JI’J2""’ but algorithms
for this problem are readily available. Because of the positivity of the

terms in the series

2
(3.1) P = 4k 2 P2k, b= e,
+b
we have no stability problems in summing the series, when the Bessel func-
tions are available.

The first problem is to determine the integer N such that the first N
terms in (3.1) give an accuracy of 5 significant figures. If n > kl’ the
terms decrease very fast if n increases. It is sufficient to choose N such
that

2 -5
(3.2) JN(kl) <10 ~.
The inversion of the equation Ji(x) = ]0—5 with v > x, i.e., the computa-
tion of v if x is given, can be established (in an approximative sense) by

using Debye's approximation

v(tanh o-0)

—1
qfv/cosh a) ~ e (2mv tanha) %, v > o,

(see WATSON (1944, p.243)). We try to solve the equation in v:
exp[2v(tanh a~a)] = exp[2x(sinha-acosh a)] = 10—5, with x = v/cosh a,

or equivalently, the equation in a:
o cosh o = sinh a = p, p = 5.76/x.

When o is computed, we have v = x cosh a. Since p < 1 (because of x > 6.5,
x plays the role of kl)’ o is rather small. We invert therefore the above

equation with Taylor series. This results in an approximation

~ 4 2 ¢ :
@ = yU+ay +aytvay®, y-ap'/s




I3

which can be substituted in v = x cosha, yielding (after computation of

the numbers al,az,a3)

N 12 1 4 1 6
v x(l +5y" + qoay - SaaeY s

or in terms of N, k]

1/3
) 12 1 4 1 6 12,27,
N =k (1 +5y" + 9557 = 5507 )> V"(kl) .

With this value of N we obtain the desired accuracy in the approximation

N 2
2 n 2
I 2 220,

F(k,) = 4k
1 1L 22

For the computation of the Bessel functions we use the NUMAL procedure
BESS J, code 35162. However, it is designed for an accuracy of about 10-]
Therefore we adapted it for the present situation. The algorithm is given
in the text of the ALGOL 60 program in section 4.

Several tests are carried out for checking the reliability of the
algorithms. Especially we computed F at the right and at the left of the

"turning point" k, = 6.5. The ultimate tests were satisfactory.

1

3.2. The computation of G(k)

As mentioned in the introductory part of this section, we used the
expansion of (2.10) for 0 < k1 < 6.5, For k1 > 6,5 the integration in (1.7)
is carried out mechanically, by using the trapezoidal rule. For periodic
analytic functions this rule is rather efficient. See for more details, for
instance, TEMME (1977). As outlined in the above subsection the values of
F(k cos O) are obtained from expansion (2.8) or from asymptotic expansions
for the Bessel functions in (2.5) (if T = 0) or the series in (1.7) (if
T > 0).

3.3. The computation of Ha(k)

For 0 < X < 10_] we used the asymtptotic expansion (2.18) up to and
. . . 4 . . . . .
including the term wit A . An estimation of the termination error is not

available (i.e., different from 0(%6)) but we compared the series with the
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quadrature method discussed further on. The results where comparable with-
in the desired relative accuracy of 10—3. Even for A = 1//10 the asymptotic
expansion gives the accuracy.

For A 2 10"1 we used a trapezoidal rule. In order to obtain a represen-
tation of Ha(k) ﬁhat is suited for this rule we transformed the variable of
integration by writing

(3.3) k = ex_e—x, (k € L0,»), x e (=»,®))

giving o

B, (V) = 4n 1y J 2o+2 (1+e“")e'X

-0

2.2
K ¢(k)dx,

with k given in (3.3). For the values of a and X relevant for the numeri-
cal process (10_2 <A< 102, a = 1,2) we approximated the above integral by
choosing as end points of integration -1 and 6.5. On the x-interval [-1,6.5]
we applied the trapezoidal rule. Again, the above integral is well suited
fer this rule (TEMME (1977)). We pretabulated the function G(k) (as function
of x) in equidistant points of the x-interval [-1,6.5] (including the end
points) with step size h = 7,5X2_6 = 0,1171875. So the computation of G was
4 1073,1072

the A-value and the o-value. This resulted in a reliable and efficient al-

done once and for all (for T = 0’10—5’10— ,10—1) independent of
gorithm for Ha(l). The tables show the results of the numerical computations,

which were done for y = ]Olog A= =2(.1)2,

REMARK, For T = 0 we might have used the asymptotic expansion for A - «

as considered in subsection 2.2.2, see (2.34)., From this formulas, it fol-
low that for A + », T = 0 we have approximately gl(k) = %—gz(k). The table
confirms this relation. (For X = 100, we compute from the table gl(l)/gz(k)=
= 1,49774... .) The computation of higher order terms, however, is rather

intricate, so we abandoned this method for numerical computations.
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.o .C"+02
.251"+C2
.316"+02
.308"+0Z
501"+ 02
.631"+02
L7944+ 02
L1C0"+C3

.

o~

G1

. To7"-04
L297"=04
JUTIN-0L
LTHET-CY
.116"=03
L1eT =03
.297"-C3
LAUT70"-03
LTu4n-g3
L1ter-C2
lob"=0g
.293"=Cz
R T L P
.720"=02
L11en-01
L17en-01
.259"=01
L 380"=01
.536"=-01
.716"-C1
L690"=-01
L162"+0C
L100"+00
.1C2"+00
.930"-01
L016"=-01
.697"=01
.503"=01
Ldo1n-01
.393"=-01
.3lo"=01
.250"=-C1
L2U5M"=01
L1edn-01
L1311=-01
Lichv-01
L5ean-02
.LHy"=-02
L5240z
T R e
.331"=02

(]
n

.625"-C5
.990"-05%
YA
L2Lgnaoy
L3G41_04
62504
.90yl
L157"=-03
L2HB"-(R
.393"-C3
L6211 -u3
.9cl"=03
L1542
L2hgn-(g2
.3To%=02
.565"=0Z
LB8Y3M-02
L134r-01
L194"-01
L26G"-01
.354"-01
L432n-01
Ldo7m-01
.508"=-01
L4g51na(1
YA
LA4o7r<01
.352"=01
.298"=~01
L4~
.203"=01
L1601
LRy o
L16u"=01
LUB3M=-02
LBLg"=02
550"=02
LAzurayz
L3hGr-G2
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TAU = 1.0"-05

LABDA

.100"=01
.126"=01
L150"=01
.200"=01
.251"-01
.370"=-01
.390"=01
.501"=01
.631"-01
L794"-01
.10C"+00
.126"+00
. 156"+00
.200"+00
L251"+C0
.316"+00
.398"+00
LS501"+00
.631"+00
L7944+ 00
.100"+01
L126"+01
.150"+01
L200"+01
.2571"+01
.316"4+01
c 308"+ 01
LH01T"+01
L631"+01
TG40
L100"+02
L120"+C2
L150"+02
.200"+02
251"+ 02
.31o"+02
.398"+02
L501"+02
L3102
L7944+ 02
LT00"+03

G1

L187"=-04
L297"=-04
LTl
LThom-0d
L116"=03
L1oT"=C3
.297"=03
LUTO"-03
LTHAN-03
L11on-02
L1 =-02
.293"-02
L4p1v-02
LT72C"=02
c112m-01
L172n<01
.254"-01
L360"=01
.536"-01
.716"-01
.690M"-01
L102"+00
.106"+00
L1602+ 00
.930"-01
Lelem-ut
.H96"=(01
LHe3"-01
JAot1n-01
L352"<0 1
L317"=01
.255"=-01
24 -01
L1e3"-01
L126"-01
L102"=-01
Lo0Un-G2
b2on-C2
.Hobv-(2
N AL

L2TT"-02

G2

.625"-C5
.9G0"-C5
L157"-0h4
L2hgnaQgi
L 3G4"-C4
.625"-0C4d
L9589~ 0L
.157"-C3
L2hu"=-03
.393"=-C3
L6211=-03
.900"=03
L1541 -02
LU0z
L376"=02
.55 -@2
.893"-Q2
L134m-01
.194n-01
.2b0"-01
. 35401
L4321.01
LAST-01
L506"-01
LUgLrLQ1
LU45T7 -G
LUCTN-01
. 352"-01
L2457 =01
LehT"-01
LU0
LleHm"=C1
133"-01
LT -01
LE50"=-02
.bol"-(2
LS4 02
Jyesn_g2
.333"-u2
25002
J1gun-2
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LABLA

.100"=-01
126"-01
.158"-01
.200"-01
.251"=-01
.316"-01
.398"~01
.501"-01
.631"-01
L7T94"-01
.100"+00
.126"+00
.158"+00
.200"+00
.251"+00
.316"+00
.398"+00
.501"+00
L631"+00
LT94"+00
.100"+01
.126"+01
.156"+01
.200"+01
.251"+01
.316"+01
.395"+01
.501"+01
.631"+01
L794"4+01
.100"+02
L120"+02
.158"402
.200"+02
.251"+02
.316"+C02
395"+02
.501"+02
.631"402
L7944 y02
.100"+053

.

.

TAU = 1,0"-04

G1

L187"-04
L.297"=04
LUATI-04
.Tho"-04
116103
L187"=C3
.297"-03
LU70"-03
LTHU"-03
.118"-02
.186"-02
.293"=02
LU60"-02
.720"=-02
11201
L172"-01
.259"=01
.300"=01
.536"~01
LT7T16"=01
L8G0"=01
L101"+00
.106"+00
.102"+00
.928"~01
LoT14.01
.694m-01
560"-01
L4T7Tr-01
L36T7"=01

311"=-01

2He"-01
.195"-01
.152"-01
c11er-01
LB871"=02
.b35"-C2
LA4er-02
.3C3"=-02
L197"-C2
Jizen-Ce

Ge

.625"-05
.990"-05
LA5T"=04
L2460y
L3940k
.625"-04
L969"-04
LIHT"=03
.248"-03
.393"=03
.621"=03
.950"=03
15402
.2h2n_g2
.378"=-02
.585"-02
.8g3n-Q2
L1347-01
L1940
L269"-01
.3541-01
L4321-01
LHET7T"-01
.507"=01
J4gynoo1
.456m-01
.406m"-01
.350"=-01
.296"-01
.ehsna01
L201"=-01
L1o2n-01
L130m=G1
L1637-01
.502m=-02
.617"=02
JAeen-02
. 343n_g2
L2usnagz
L17on-Ge
JH1anap2
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TAU = 1.0"-03

LABDA

.100"-01
.126"-01

158"-01
Z00"-01
251"-01

.310"=-01
.395"-01
.501"=01

631"-01

L794m-01
.100"+00
.126"+00
.158"+00
.200"+00
.251"+00
.316"+00
.398"+00
.501"+00
.631"+00
L794"+00
.1C0"+01
L126"+01
.156"+01
.200"+01
.251"+01
.316"+01
.368"+01
.501"+01
L631"+01
L7944 01
.100"+0¢2
.126"+02
.158"+02
.200"+02
.251"+02
.316"+02
.398"+02
.501"+02
.631"+02
LT94M"402
.100"+03

G1

L187"=-Cl
.297"-04
LATI"-CH
LTHO"-04
L 118"-03
L1o7"=C3
.297"=-03
L4T0M-03
L7441"-03
.116"-02
.1e6"-C2
.293"-02
Leo"-0c2
.720"-02
.112"-01
L172"-01
.259"-01
.379"-01
535"-01
L714"-01
.886"-01
.101"+00
.105"+00
.101"+0C
.912"-01
L794"-01
.670"-C1
.550"-01
L441r-01
.345m-01
.2b3"=-01
L163"-01
L137"-01
.933"=-02
606"-02
«377"-02
.2edn-gz
l2em-02
L704"-03
.376"-03
.195"-03

.

.

.

G2

.625"-05
.990"=05
157"=04
.2lgn-0y
3941 -0k
.625"-04
L9591 =04
.157"-03
.245"=03
.393"-03
.621"-03
.950"=03
L1541 -02
L2h2n-02
.378"-02
.555"-02
.8921-02
.133"=01
.193"-01
.269"-01
.352"-01
.430"-01
LUBam -0
.503"-01
Lh55"-01
LU4E"-01
.396"-01
. 338"-01
.201"=01
L228"=01
L 1cOM=01
L13e"=01
L103"=01
LTUEN =02
.510"-02
.3471-02
L2231-02
.136"-02
.829"-03
LHs0m-C3
.270"=03
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LABUA

.100"-01
L126"<-01
.158"-01
.200"-01
.251"-01
.316M"=01
.398"-01
.501"-01
L631"-01
LTG0
. 100"+C0
L126"+00
. 158"+00
.200"+00
.251"+00
.316"+00
. 398"+00
.501"+00
.631"+00
L7944+ 00
L160"+01
.126"+01
L155"+01
.2C00"+01
.251"+01
.316"+01

390"+01
501"+01

L631"+01
LT94"+01
.100"+02

126"+02

L1506+ 02
L200"+02
.251"+02
.316"+02

.

398"+0¢

L501"+02
LH631"+02
LT9Lh"+02
.100"+GC3

TAU = 1.,0"-02

G1

L167"=-04
.297"-04
LU4TIn-Gh
LTHE"=04
. 116"-03
L18T"=03
.297"-03
LUTOM-03
LTHL"-03
.118"=02
Llser-02
.293"-02
L4e0"-02
LT18"<02
L1111 =01
L170"-01
.2506"=01
.373"=01
.522"=01
.600"=01
Lold2n-01
L9U1M-G 1
L957"=01
L891"=-01
LTT3m=01
.632"=-01
LH5917-01
.359"-01
L2480
L162m-01
.100"=01
.Ho8"-(2
Lze"=02
L17em-02
Lobo"=03
LU1T-03
L1911 -03
LoSem=0M
L3Len-0u
YA
L516M"-05

G2

.625"-05
.990"-05
15704
L249"-04
.394m-04
.625"-04
.989"-04
L157"-03
.248"-03
.393"-03
.620"-03
.979"-03
L154r-02

2hz2n-02
L37T7T"=G2

.582"=-02
.885"-02
.132"-01

.190"-C1

.261"-01
«339"-01

LLOT"-01

LA450"-01

LU58"-01

LH31M-01
.360"-01

31701

.250"-01

L1e8"-01
L 134m-01

.909"-02
L 556"-02
.362"-02
L 214m-02
L1211-02
L B37"-03
. 3ubr-03
L174M-C3
L ohe-0k
Lhu1n-0l
Llolr-04
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-C e
~-1.
-1.
-1.
-1.
-1,
-1.
-1.
-1.
~-1.
-1.
-0.
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LABLA

.100"-01
.120"-01
. 150"=01
.200"-01
.251"-01
.316"=-01
. 396"-01
.501"-01
L031"-01

L7941 <01
. 100"+00
. 1206"+00
. 1586"+G0
.200™"+00
.251"+00
.316"+00
.390"+00
.501"+00
.631"+00
794"+ CO
.100"+01
L126M"+01
.156"+01
.200"+01

. 251"+01
.316"+01
. 398"+01
.501"+01
L0310
L7944+ 01
L100"+02
L126m+02
158"+ 02
L200M"+02

.

251"+ 02

<3tu"+02
- 390"+02
H501Y+02
L031"+0z
L1948+ 02
.100"+03

TAU = 1.0"-01

G1

LdoT"-04
.297"=-04
LUTTIN-04
LTHEN-04
. 116"=-03
L187"-03
.296"-03
L4uGn-03
LTH1"-03
L117r=02
Clohrnage
L20G"-02
A51rna0z
.696"-02
L1070

. 159"-01
.230"=C1
.318"=01
CH13m-01
LAU4gzrna01
.529"-01
LECE"-01
L4300t
. 325"~C1
Lw221m-01
L136M-01
LTe2"-02
. 392!:_

LlooM=02
.020"-03
L 338"-03
CI31VM=03
LUTom-0Y
L107"-04
LH5T"=-05
LTot"=05
LHUTY=0E
L1710 =00
.500"-07
AL =0T
LJUzE"-Ux

.141"
.715"-03
L Ede"-03
Luin=03
LJee=uh
L3604

Ge

.6251"-05
.990"-05
157"~
249N~
.39“"—
Lb2hn-0l
.9d9" ol

56"-03

:aub" 03
.391"~C3
LO17"=0353
L97T1"=03
.237u_
L3364~
.552"_
Llen-
e 1 17""‘
. 159"<01
L202"=01
.236"~
LZH1M-(0t
LEBOT<01
L20T"=01
L1621m-01
L110m-01
LT56"=-02
.“65"-02

’7|| 02

L1350l
LHu("-05
.Zj_) 05
.961"=00
391" -00

150" =00
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In this section we give the ALGOL 60 procedures for the computation

of Ha(x). The real procedure halabda computes this function with input para-

meters a (for . a), tau (for t) and labda (for

an array gli,j], which contains function values of the function G(k);
,10°

and j runs from O up to (and including) 64. These array values are read be- |

i=0,1,2,3,4,5 corresponds to T = 0,10_5

fore calling halabda, and are computed by the real procedure gbk, which is

also listed.
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ALGOL 60 programs.

"REAL" "PROCLUDURL" HALALLA(A, TAu,
"HEAL" A,TAU,LA:DA;

"IF" LAEBLA<.1T "ThEN"

HALAEDA :=2*LABDA*¥*(2*A)*(1/0U4-(A+2)*LAcDA*LABDA
¥(9/2560+TAU/32-(A+3)*LALDA®LALDA

*(19/40960+(27/32C0+TAU/32)*TAU)
("IF" ALS(A-2)<.C01 "THEN" 6
"THEw"™ 2 "ELSE" 1.32934) "ELSE"
"INTEGER" I,d;

"KReAL"™ X,Y,z,T,AA,LL,SUM, TRl H
I:= "IF"™ TAU O "Thbw"™ O "ELCE
Sul:=0;

LL:=LABUA*LABDA;

AA:=2%A+2;

Hi=.1171675;

"BEGIN"

"FOR" J:=0, J+1 "WHILE"™ J<10 "y
( J<u5 MANL" TEERM/OUNDM"-E
"EBEGLL"
Kez=1+J¥%li; Y:=EXP(-X);
TERA:=EXP( AAM(X=Y)-Z%Z
SUM:=SUM+T LRl
"ENL";

HALABULA:=1.27324/LL/LL*1*50il
"puuo" HALAbDA;

LAbDA);

MELSEY

A). For A 2 .1 halabda uses

3,2

4 ,10

,10° ,10_1, respectively,

"VALU=" A,TAU,LABLA;

))*

"IF" AS(A-1)<.001

.
1)

" ELTIER(L + 0.43 * Lii(TAU));

i\ "
) UNNVAL
(=EXP(X=-Y);

z
/Lu )*GLI,d];
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"REAL"™ "PROCEDURE"™ GBK(K, T); "VALUE"™ K,T; "REAL" K,T;
"BEGIN"™ "REAL" X,B; "ARKAY"™ A,C[0:1000];

"REAL"™ "PKOCEDURE" GBK1(K,T);"VALUE" K,T;"KEAL" K,T;
"BEGIN" "REAL" B,KK,BE,BMON,BMEV,K2M,DMON,DMEV,S, TEKD;
"INTEGER" J,M,MLAST,P;

KK :=K¥K;

B:=1+TH*KK;

BE:=B¥B;
S:=Al0]:=.5/(1+Bb);

DMEV:=ARCTAN(1);
KEH::";
CLOJ:=UMBVRS*S;

"EFOR" M:=2,l+2 "WHILE" AuS(ThKH)>"=5 MAWND"™ M<TGUO "Du"
"EEGLN" A{M=1]:==(ti-.5)¥A[M=2]/11/(L¥M+EB) ;

Altiez=(il+.5) ¥A (=1 J/(H+1) /((M+1)*¥(M+1)+BB) ;

P:=t/2-1;

BHEV:=BMON:=0;

"FOR" J:=0 "STEP"™ 1 wynTIL"™ E "DO"

"RBEGIN" BHUN:=BHOu+2¥A[J)*A[1H=-1=-d];

BHMEV: =BIiEV+2¥A[J J¥A[1I-J];
"ENL";

BMEV:=BIEV+A[P+1]1¥A[P+1];
DMOW:=(F=.5)*DMEV/Li;
DMEV:=(M+.5)¥DHUCN/ (ti+1);
CLM=1]:=DUON¥BHUN;
C[M]:=UMEV*EBHEV;

HLAST: =1

K2M:=KK*K2M*KK ;
TERM:=DHEV¥*BHEV¥K 2L ;

WCOHUNERT" HORNEK;

S:=CLIMLAST J;

"EFURY Ji=MLAST-1 "STLEY -1 "yulIL"™ O vDpuw
S:=S3%KK+C[J];

Gbh1:=KkK¥S

NELDY GoRT;

"REAL"™ "PROCELURL™ Fu(X,B);"VALUE" X,b; "KEAL"™ X,E;
"HEGIW" "ARKRAY"™ ALC:1000/];

"REAL" "PRUCEDURE"™ Fo1(X,p); "VALuc" X,E; "ReAL" Y,b;
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WBEGIN" "REAL" XX,T,S,X2M,BB:
"INTEGER" M;
BB:=B¥B;
S:=A[0]:=.5/(1+BE);
XX:=X¥*X; X2M:=1;
"FOK™ M:=1, M+1 "WHILE" AEBS(T/S)>"-5
"pu" "BEGIN" X2M:=XX¥*X2M;
A(M)e==(M+.5)*A[M=1]/(M+1)/((M+1)*¥(H+1)+Bb);
Ti=A[M]*X2M;
S:=3+T
"ENDM;
FE1:=(X¥5)¥**2
WENDY FB1;

"REAL" "PROCEDURE"™ Fu2(X,B);"VALUE" X,b; "KEAL"™ X,B;
"BEGIN" "REAL" P,Y,EE;
"lulﬁuEﬁ" N, NI
:=5.76/%; Y —(3*P)** t66666T7; BE:=B¥B;
N -walhh(X*(1+1*(.J+X*( 0Go 333— Occ3ﬁ7*y)))),

"BEGIN™ “ARRAY"™ JLO:l];
BESSJ(X,H,d); F:=0;
"EQR"™ Niz=N,N-1 "wHILE" W>0 "Du"
UBEGIN" Ni:=L¥*i;

PrzP+lNi/(Nin+bs) ¥J[N]*¥%2

"END"

"ENL'™;

FB2:=(2%p/X)*¥#2

"ENU" Fb2;

"REAL" "PRUCEDURE"™ F83(X,b); "VALUE" X,b; "KiAL" X,B;
"EBEGL" "REAL" P,G,Xa,FP,CL,dd;
1=1/X/%;
=(((02. 10631*xx 623000 ) *XX+1.0162c0)*XX=.507813)#*#Xk+
1;
.:=_((((uou T73093%XX=-27.7%90250) ¥{K+3.455373) %
XX=.9617T71)*¥XX+1)%.625/X;
PP:=F*pP;
QQ::Q*Q;
JJ:=(11.591953%(PP+QG)+S1u(x+X)*¥(PP=-QC)
+2¥COS(X+X)*P*Q)/X;
FE3:=2((1-JJ/11.5406739)/X) %%
"END" FB3;

"PRUCEDURE" EESSJ(X,N,d);"VALUE" X,H;"KEAL" ¥;
"INTEGEK" L3 "AkKAY" J;
NIEM X=0 "TdEH"
"EEGIN" J{0]:=1;
WEOR" Wizi "STeP" -1 "ONTIL™ 1 "Du" J(Ww]:=
"t:NJJ" "ELLJE.:"
"EEGIK" "RuAL" Xe,R,S,P,I; "IWTLGER™ L, LU,S1GaX;

’
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SIGNX:=SIGu(X); X:=zABS(X);
“Pizt1.51/X; Y:=(3%P)¥¥ 66066667;
NU:=(1 + ENTIER(X*¥(((=Y/2000+1/120)*¥Y+.5)%Y+1)))//2%2;
R:=8:=0; X2:=2/X; L:=0C;
"FOR™ M:=NU "STEB" -1 "UHTIL"™ 1 "DO"
"EEGIN" Kk:=1/(X2*M=R);
‘L:=2-L; 5:=R¥(L+3S);

"IF" M<=i "THEN" J[M]:

"
s

MENDY;
JLO0]):=Rk:=1/(1+3);
WEFOR™ M:=1 "STEP"™ 1 "ULTIL"™ W "Du"
JIMJ:i=R:i=R¥JM];
WIFM" SIGNX<KO "ThEW"
"EOR" M:=z1 "STEP" 2 "UNTIL"™ N "DO"
JLF J1==d[HM]
"END" BESSELJ;

FB:="IF" X<6.5 "ToEuw" FB1(X,b) "ELSE"
WIF™ E>1 "Trew" Fbzo(X,k) "RLSE"™ Fo3(X,B)

MEWD" FB;

"KEAL"™ "PROCELURE"™ TRAP(A,B,X,FX,N);"VALUE" A,k,N; "REAL" A,B,X,FX;
"INTEGER™ N;
"EEGIN" "REAL" LE,H,F,G,V; "INTEGER"IL;
H:izB=A; P:=0; E:=.5%10%%(~iy);
"FOR" X:=zA,b "DO"™ P:=P+FX; P:zH*F/2; 1:=0;
"FOR" H:=H, h/2 "WHILE"™ V>E "ALD" I<10 "Lu"
"BEGIWN" Q:=0; "FOk"™ X:=zA+h/2, X+H "wHILE" X<B "DU"™ Q:=u+FX;
Q:=Q¥H; V:i=zABS((P-G)/P); Pi=(P+Q)/2; I:=21+1
NENDY;
TRAP: =P
"WEND" THAP;

B:=T+T¥K¥K ;

GBK:="IF" K<=6.5 "THEN" GEK1(K,T)
"ELSE" TRAF(0,1.57074%06,X,FB(K¥CUS(X),E),3)

"ENL" GBhj
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